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S p i n - l a t t i c e  r e l a x a t i o n  t imes f o r  ruby  of v e r y  low C r  

c o n c e n t r a t i o n  a t  low tempera ture  a r e  computed f o r  t h e  one- 

phonon Kronig-Van Vleck process ,  u s i n g  t h e  s p i n - l a t t i c e  

Hamil tonian proposed by Mattuck and S t r andbe rg  and t a k i n g  

the  v i b r a t i o n a l  a n i s o t r o p y  of t h e  c r y s t a l  i n t o  accoun t .  The 

r e l a x a t i o n  times a r e  computed a s  f u n c t i o n s  of t h e  a n g l e  

between t h e  a p p l i e d  magnetic f i e l d  and t h e  c-axis, tempera ture ,  

and f requency .  
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2. 

I. IIYTRODUCTION 

I n  e l e c t r o n  s p i n - l a t t i c e  r e l a x a t i o n  a t  low tempera ture  

t he  dominant process  should be the  one-phonon p rocess  proposed 

by Kronig' and by Van Vleck , which t a k e s  p l a c e  through t h e  

combined e f f e c t s  of  o r b i t - l a t t i c e  coupl ing  and s p i n - o r b i t  

2 

coup l ing .  The i n t e r a c t i o n  l e a d i n g  t o  t h i s  one-phonon p rocess  

has  been desc r ibed  by Mattuck and St randberg3  and by Orbach 

i n  terms of a s p i n - l a t t i c e  Hamiltonian t o  be added a s  a p e r t u r -  

4 

b a t i o n  t o  t h e  u s u a l  s p i n  Hamiltonian f o r  t he  paramagnetic i on .  

Recent exper imenta l  i n v e s t i g a t i o n s  on u l t r a s o n i c  spin-resonance 

a b s o r p t i o n  5-7 and on t h e  e f f e c t  of u n i a x i a l  stress on ESR 

have determined the  c o n s t a n t s  i n  t h i s  s p i n - l a t t i c e  s p e c t r a  899 

Hamiltonian f o r  s e v e r a l  iron-group ions  i n  v a r i o u s  c r y s t a l  

l a t t i c e s .  

A s  a r e s u l t ,  t h e  phonon-induced s p i n - t r a n s i t i o n  proba- 

b i l i t i e s  f o r  t h e  one-phonon p rocess  can be computed and used 

t o  compute t h e  s p i n - l a t t i c e  r e l a x a t i o n  times due t o  t h i s  I 

p r o c e s s .  T h i s  paper  p r e s e n t s  such a computation f o r  t h e  c a s e  

of ruby (A1 0 : C r 3 + ) ,  assuming s u c h  a small Cr c o n c e n t r a t i o n  

t h a t  i n t e r a c t i o n s  between neighboring C r  i ons  may be n e g l e c t e d .  

Ruby was chosen f o r  t h i s  computation because of i t s  many i m -  

y u A  bulllr u p p r L L a L ~ ~ ~ ~ a  aiiu aisu because tne  r e s u l t s  a r e  more 

2 3  

nr\r.+-ln+ r , - - l * A . - . & * - . - -  --3 

i n t e r e s t i n g  f o r  t h i s  f o u r - l e v e l  system w i t h  zero-f i e l d  s p l i t -  

t i n g  than  f o r ,  s a y ,  t h e  case of a s i m p l e  Kramers d o u b l e t .  

1 



3 .  

Relaxa t ion  i n  such a system i s  i n  g e n e r a l  c h a r a c t e r i z e d  by 

t h r e e  r e l a x a t i o n  t imes,  and, because of t h e  z e r o - f i e l d  

s p l i t t i n g ,  these  r e l a x a t i o n  t imes  depend s t r o n g l y  upon t h e  

a n g l e  between t h e  a p p l i e d  magnetic f i e l d  and t h e  t r i g o n a l  

a x i s  of the  ruby .  

S p i n - l a t t i c e  r e l a x a t i o n  times i n  ruby have been ex ten-  

s i v e l y  i n v e s t i g a t e d  , b u t  most measurements have been c a r r i e d  

ou t  w i t h  samples of such high chromium c o n c e n t r a t i o n  t h a t  

exchange i n t e r a c t  i ons  and c r o s s  r e l a x a t  ion a r e  important  , r e -  

s u l t i n g  i n  s t r o n g l y  concen t r a t  ion-dependent r e l a x a t  ion times 

mu& s h o r t e r  t han  t h o s e  computed h e r e .  Measurements on samples 

of ve ry  low chromium concen t r a t ion  (~0.019) a r e ,  however, i n  

f a i r  agreement w i t h  t h e  r e s u l t s  p re sen ted  h e r e ,  i n d i c a t i n g  

t h a t  f o r  such samples t h e  Kronig-Van Vleck one-phonon p rocess  

i s  dominant.  

11. SPIN-LATTICE HAMILTONIAN 

It was proposed by Mattuck and S t r andbe rg  8 and by Orbach 9 

t o  t r e a t  s p i n - l a t t i c e  i n t e r a c t i o n s  f o r  iron-group ions  by 

means of a s p i n - l a t t i c e  Hamiltonian which couples  t h e  paramag- 

n e t i c  ion t o  t he  l a t t i c e .  Th i s  s p i n - l a t t i c e  Hamiltonian i s  

q u a d r a t i c  i n  s p i n  ope ra to r s  and, t o  f i rs t  o r d e r ,  l i n e a r  i n  

l a t t i c e  s t r a i n ,  having t h e  fo l lowing  g e n e r a l  form 
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The t e n s o r  D i s  r e l a t e d  t o  s t r a i n  l i n e a r l y  as  fo l lows :  

The t e n s o r  G has  many of t h e  symmetry p r o p e r t i e s  of the 

e l a s t i c  s t i f f n e s s  t e n s o r ,  l i m i t i n g ,  t h e r e f o r e ,  t h e  number of 

independent components. Furthermore,  s i n c e  D can be chosen 

t o  be t r a c e l e s s  an  added l i m i t a t i o n  i s  placed upon t h e  number 

of independent components o f  G. 

Although t h e  maximum point-group symmetry of t h e  

3 ’  A 1  0 l a t t i c e  i s  D that  a t  each chromium s i t e  is only  C 

Thus, there a r e  two non-equivalent sets of chromium s i tes ,  

each of which can be transformed i n t o  the  o t h e r  by means of 

a two f o l d  r o t a t i o n  of t h e  group D . A s  a r e s u l t ,  t h e r e  a r e  

two d i f f e r e n t  G t e n s o r s  each of t h e  form ( i n  Voigt n o t a t i o n ) :  

2 3  3d , 
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G12’ G33’ G44’ For  t h e  two d i f f e r e n t  s i t e s  t h e  components Gll, 

G14~ and G41 a re  r e s p e c t i v e l y  equa l ,  whereas t h e  components 



5. 
and G a r e  equa l  r e s p e c t i v e l y  In  magnitude 

b u t  of o p p o s i t e  s i g n .  The va lues  ob ta ined  by Hemphill and 

DonoholO a r e  g iven  below: 

G25’ G52’ G16’ 45 

= 124.6 Gc 

= - 35.8 G C  

G = 181.2 Gc 

= 54.0 Gc 

- 15.0 Gc 

G1l 

G12 

G44 
33 

- -  
G1 4 

G41 = -15.0 GC 

G = 45.0 Gc 
25 
G = 45.0 GC 
52 

= o  
G16 
G = O  

45 

In t h e  fo l lowing  computation i t  i s  assumed t h a t  bo th  s i tes  

a r e  e q u a l l y  popula ted .  

111. PHONON-INDUCED STRAIN 

I n  o r d e r  t o  o b t a i n  a reasonably  a c c u r a t e  approximation 

t o  t h e  phonon-induced l a t t i c e  s t r a i n  on ly  f r e q u e n c i e s  f o r  

which t h e  phonon wave l eng th  i s  long  compared t o  in t e ra tomic  

spac ing  w i l l  be cons ide red .  Thus i t  may be  assumed t h a t  a l l  

atoms i n  a u n i t  c e l l  undergo d isp lacements  of equa l  ampl i tude .  

The d isp lacement  f o r  phonons of wave v e c t o r  L a n d  p o l a r i z a -  

t i o n  v e c t o r  E: can t h e r e f o r e  be  w r i t t e n  11 
-.up 



6. 
where M is t h e  c r y s t a l  mass, 0 

f requency ,  and t h e  phonon o p e r a t o r s  a and  at have t h e  fol low- 

i n g  p r o p e r t  ies  : 

is  t h e  phonon a n g u l a r  

The s t r a i n  due t o  t h i s  displacement  i s  then  ob ta ined  from the  

u s u a l  c l a s s i c a l  d e f i n i t i o n  

Thus, t h e  phonon s t r a i n  can be w r i t t e n :  

I n  t h e  c a l c u l a t i o n  of s p i n - l a t t i c e  t r a n s i t i o n  p r o b a b i l i -  

t i e s  the  d e n s i t y  of  phonon s t a t e s  is  r e q u i r e d .  For  phonons 

w i t h  wave v e c t o r  w i t h i n  s o l i d  a n g l e  d n  , t h i s  d e n s i t y  i s  

g i v e n  by t h e  fo l lowing  express ion:  



7. 
where v i s  t h e  c r y s t a l  volume and f lk ,p  is t h e  phonon phase 

v e l o c i t y ,  which depends upon bo th  t h e  d i r e c t i o n  of k a n d  gr . 
F i n a l l y ,  it is  assumed t h a t  t he  average  phonon occupat ion  

number is g iven  by t h e  B o s e - E h s t e i n  formula:  

I V .  SPIN-LATTICE TRANSITION PROBABILITY 

The t r a n s i t i o n  p r o b a b i l i t y  p e r  u n i t  t i m e  f o r  a t r a n -  

s i t i o n  i n  which t h e  ion goes from s t a t e  i t o  s t a t e  j and a 

phonon mode of f requency W = ( & i - E j ) / &  

number n t o  n + 1 is  obtained i n  t h e  u s u a l  way from t i m e -  

dependent p e r t u r b a t i o n  theory .  Because of t h e  v i b r a t i o n a l  

a n i s o t r o p y  of the c r y s t a l  t he  t r a n s i t i o n  p r o b a b i l i t y  mus t  be 

computed a s  a sum over  a l l  phonon p o l a r i z a t i o n s  and a n  i n t e g r a l  

over  a l l  d i r e c t i o n s  of t h e  phonon wave v e c t o r :  

goes from occupat ion 

T h i s  expres s ion  must be computed numer i ca l ly  u s i n g  a high 

speed computer.  For  each d i r e c t i o n  of k t h e  C h r i s t o f f e l  . m 
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equa t ions  must be so lved  f o r  t h e  phonon v e l o c i t i e s  and p o l a r i -  

z a t i o n s .  I n  t h i s  computation t h e  e l a s t i c  c o n s t a n t s  ob ta ined  

by Wachtman e t  a l .  were u s e d .  
12 

F o r  each d i r e c t i o n  of t he  a p p l i e d  magnetic f i e l d  w i t h  

r e s p e c t  t o  t h e  t r i g o n a l  axis t h e  matrix elements  of t h e  

q u a d r a t i c  s p i n  o p e r a t o r s  m u s t  a l s o  be computed. A s i m p l i f i e d  

s p i n  Hamiltonian of t h e  form 

was employed w i t h  i s o t r o p i c  g = 1.980 and D = -5.733 Gc . It 

is  known from u l t r a s o n i c  spin-resonance a b s o r p t i o n  measure- 

ments 6 y 7  t h a t  t h e  computed matrix elements  of q u a d r a t i c  s p i n  

o p e r a t o r s  between e i g e n s t a t e s  of ( 1 2 )  a r e  s u b s t a n t i a l l y  c o r r e c t .  

T r a n s i t i o n  p r o b a b i l i t i e s  have been computed f o r  a l l  s i x  

t r a n s i t i o n s  f o r  many d i f f e r e n t  va lues  of f requency  and f o r  

d i f f e r e n t  a n g l e s  between t h e  a p p l i e d  f i e l d  and t h e  t r i g o n a l  

a x i s ,  bu t  t hey  a r e  no t  presented  h e r e .  Rather t h e y  a re  used 

t o  c a l c u l a t e  r e l a x a t i o n  times, which a r e  more a c c e s s i b l e  t o  

measurement, and, t h e r e f o r e ,  more i n t e r e s t i n g .  The t r a n s i t i o n  

p r o b a b i l i t i e s  themselves  c o u l d  be employed t o  p r e d i c t  such 

t h i n g s  a s  popula t ion  inve r s ion  i n  maser a p p l i c a t i o n s ,  a l though  

t h e y  a r e  only  u s e f u l  f o r  c r y s t a l s  of very  low chromium 

c o n c e n t r a t  i on .  



9.  
V e SPIN-LATTICE RELAXATION TIMES 

The t r a n s i t i o n  p r o b a b i l i t i e s  f o r  t h e  s ix  p a i r s  of l e v e l s  

i n  t h e  f o u r - l e v e l  C r 3 +  ion a r e  used t o  s o l v e  t h e  r a t e  

equa t ions  which govern t h e  dynamical behavior  of t h e  s p i n  

j '  
system. I f  t h e  popula t ion  of l e v e l  j is denoted by n 

t h e s e  equa t ions  t a k e  t h e  f o r m  

c 

Such a s e t  of  equa t ions  w i l l ,  i n  g e n e r a l ,  y ie ld  t h r e e  inde- 

pendent r e l a x a t i o n  t imes ,  and t h e  approach of t h e  system t o  

e q u i l i b r i u m  a f t e r ,  say s a t u r a t i o n  of a p a i r  of l eve l s  w i l l  

g e n e r a l l y  depend upon a l l  t h r e e  r e l a x a t  ion  t imes.  

For  t h e  r e s u l t s  presented h e r e  i t  is  assumed t h a t  a p a i r  

o f  l e v e l s  is i n i t i a l l y  s a t u r a t e d  and tha t  t h e  recovery  of 

these l e v e l s  t o  equ i l ib r ium is observed a f t e r  removal of the  

s a t u r a t i n g  s i g n a l .  T h u s ,  the  normalized popu la t ion  d i f f e r e n c e  

w i l l  have t h e  form: 

where n and n a r e  t h e  ins tan taneous  popu la t ions  of l e v e l s  i 

and j r e s p e c t i v e l y ,  and n and n a r e  t h e i r  r e s p e c t i v e  

e q u i l i b r i u m  v a l u e s .  The q u a n t i t y  S i s  then  p r o p o r t i o n a l  t o  t h e  

i j 

i o  j o  
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s i g n a l  observed i n  a t y p i c a l  r e c o v e r y - a f t e r - s a t u r a t i o n  

measurement. O f  course ,  the  l e v e l s  involved i n  t h e  recovery-  

a f t e r - s a t u r a t i o n  observa t ion  may be d i f f e r e n t  from t h e  

s a t u r a t e d  l eve l s ,  b u t  f o r  s i m p l i c i t y  t h e  r e s u l t s  presented  

here concern s a t u r a t i o n  and recovery  of t h e  same p a i r  of  l e v e l s .  

S i n c e  t h e  energy e igenvalues  of t h e  s p i n  Hamiltonian (12 )  

and i t s  e igen func t ions  depend s t r o n g l y  upon t h e  a n g l e  8 between 

t h e  t r i g o n a l  a x i s  and t h e  a p p l i e d  magnetic f i e l d  t h e  q u a d r a t i c  

s p i n  matrix elements  depend s t r o n g l y  upon t h i s  a n g l e ,  w i t h  a 

r e s u l t a n t  a n g u l a r  dependence of t h e  r e l a x a t  ion t imes .  For  

r e f e r e n c e  f i g u r e  1 shows the  energy l eve l s  of ruby and t h e  

nomenclature used he re  f o r  r e f e r r i n g  t o  t h e  l e v e l s .  

The r e l a x a t i o n  times T T and T and t h e  ampl i tudes  
1’ 2’ 3 

Al, A2,  and A 

through 5 f o r  t h e  1-2, 2-3, and 3-4 t r a n s i t i o n s  a t  a f requency 

of 9 .3  Gc a s  f u n c t i o n s  of 8. 

of equat ion  ( 1 4 )  a r e  i l l u s t r a t e d  i n  f i g u r e s  2 
3 

It I s  seen  that i n  most cases one r e l a x a t i o n  time, 

u s u a l l y  the  l o n g e s t ,  dominates t h e  behav io r ;  when two r e l a x a -  

t ion  t imes  a r e  important  they a r e  u s u a l l y  n e a r l y  e q u a l .  A s  

a r e s u l t  it may be d i f f i c u l t  expe r imen ta l ly  t o  observe the  

mixture  of d i f f e r e n t  r e l a x a t i o n  times i n  t h e  recovery  of a 

s i g n a l  a f t e r  s a t u r a t i o n .  I f  a t r a n s i t i o n  of h i g h e r  f requency,  

however, i s  s a t u r a t e d ,  say t h e  1-3 t r a n s i t i o n ,  and t h e  r e -  

covery of a t r a n s i t i o n  of lower f requency is  observed, s ay  

t h e  2-3 t r a n s i t i o n ,  t h e  s h o r t e r  r e l a x a t i o n  t imes  become more 

important  i n  g e n e r a l .  
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It is  easy t o  exp la in  t h e  s t r o n g  a n g u l a r  dependence of 

t h e  r e l a x a t i o n  t imes o f ,  say ,  t h e  1-2 t r a n s i t i o n ,  i l l u s t r a t e d  

i n  f i g u r e  2 .  A t  ang le s  near  ze ro  t h e  magnetic f i e l d  is 

l a r g e  (-7.5 k G ) ;  S t a t e  1 is l a r g e l y  m = 3/2, and s t a t e  2 

is l a r g e l y  m = 1/2. 

o p e r a t o r s  a r e  l a r g e  between t h e s e  s t a t e s ,  r e s u l t i n g  i n  a 

l a r g e  t r a n s i t i o n  p r o b a b i l i t y .  A t  a n g l e s  n e a r  90" however, 

t h e  f i e l d  is smal l  (d1.5 kG); S t a t e  1 is l a r g e l y  ms = 1/2 

and s t a t e  2 i s  l a r g e l y  m = -1/2y y i e l d i n g  very  small m a t r i x  

elements  and,  hence,  small t r a n s i t i o n  p r o b a b i l i t y .  

S 
The matrix elements  of q u a d r a t i c  s p i n  

S 

S 

The f requency  dependence of t h e  r e l a x a t i o n  t imes  is 

i n t e r e s t i n g  l a r g e l y  because i t  e x h i b i t s  no d e f i n i t e  behavior .  

F i g u r e s  6 through 9 i l l u s t r a t e  t h e  frequency dependence over  

t h e  range 1-10 Gc f o r  t h e  1-2, 2-3, and 3-4 t r a n s i t i o n s .  

These r e s u l t s  a r e  i n  agreement w i t h  those  of s e v e r a l  a u t h o r s  

obta ined  over  a f requency  range 3 Gc - 34 G c l 3 - l 6  i n  which no 

s t r o n g  f requency  dependence is observed .  It should be no ted ,  

however, t h a t  f o r  a f o u r - l e v e l  Kramers system w i t h  no zero-  

f i e l d  s p l i t t i n g  t h e  frequency dependence shou ld  be ( f ) -2 ,  

whereas an i s o l a t e d  Kramers doub le t  would e x h i b i t  a dependence 

( f ) - 4 .  

The tempera ture  dependence of t h e  r e l a x a t i o n  t imes is  

no t  ve ry  i n t e r e s t i n g ,  being governed almost  e n t i r e l y  by t h e  

Bose-Eins te in  f a c t o r  i n  the t r a n s i t i o n  p r o b a b i l i t y .  Thus ,  

s i n c e  no  a l lowance  has  been made i n  t h e  computation f o r  s u c h  
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e f f e c t s  a s  a phonon b o t t l e n e c k  the  r e l a x a t i o n  t imes almost  

always approach a c o n s t a n t  v a l u e  a s  tempera ture  approaches 

ze ro .  The c a s e  of t h e  3-4 t r a n s i t i o n  is ,  however, d i f f e r e n t  

s i n c e  i t  resembles t h e  s i t u a t i o n  env i s ioned  f o r  r a r e - e a r t h  

i o n s  by Orbachl7 i n  which a g round-s t a t e  doub le t  i s  separated 

from an  e x c i t e d  s t a t e  by an  energy  l e s s  than  kT.  I n  t h i s  

34 
c a s e  t h e  d i r e c t  t r a n s i t i o n  p r o b a b i l i t y  W 

and W s o  t h a t  compared t o  W 

ra te  f o r  l e v e l s  3 and 4 i s  governed a lmost  
14' '24' '13' 23 

is v e r y  small 

t h e  r e l a x a t i o n  

e n t i r e l y  by t h e  

p o p u l a t i o n s  of levels 1 and 2 ,  which d e c r e a s e  e x p o n e n t i a l l y  

w i t h  tempera ture .  Th i s  s i t u a t i o n  is i l l u s t r a t e d  i n  f i g u r e  10, 

i n  which one r e l a x a t i o n  time, t h a t  dominat ing t h e  behavior  

of t h e  3-4 t r a n s i t i o n ,  i n c r e a s e s  a lmost  e x p o n e n t i a l l y  w i t h  

d e c r e a s i n g  t empera tu re  while t h e  o t h e r s  a r e  c o n s t a n t  

The q u a n t i t a t i v e  agreement between t h e  computed r e l a x a t i o n  

times and expe r imen ta l ly  measured v a l u e s  i s  q u i t e  good, b u t  

only if measurements on samples c o n t a i n i n g  much above O.Ol$ C r  

a r e  excluded A comparison is p resen ted  between exper imenta l  

and computed v a l u e s  i n  t ab le  I .  De ta i l ed  measurements on 

r u b y  c o n t a i n i n g  0.005% C r  a r e  i n  p r o g r e s s  i n  t h i s  l a b o r a t o r y ,  

b u t  have n o t  y i e l d e d  u s a b l e  r e s u l t s  a s  y e t .  

I n  conclus ion  i t  appears  t h a t  t h e  Kronig-Van Vleck 

mechanism a d e q u a t e l y  exp la ins  s p i n - l a t t i c e  r e l a x a t i o n  i n  ruby  

of s u f f i c i e n t l y  low C r  concen t r a t ion .  The r e s u l t s  obtainec? 

here e x h i b i t  i n t e r e s t i n g  f e a t u r e s  which a r e  i n  r easonab le  
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agreement w i t h  exper imenta l  r e s u l t s ,  bu t  which have no t  y e t  

been v e r i f i e d  i n  d e t a i l .  
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TABLE I 

Comparison of Ca lcu la t ed  and Experimental  Re laxa t ion  T i m e s  i n  Ruby 

T r a n s i t  ion 0 Freq .  T ( c a l c . )  TR(exp. R 
Gc . Sec .  Sec 

23 5 4" 9.3 .226 .20015 

23 SO" 7 92 539 . 5 d 3  

12 60" 2.9 750 . 50014 
16 13 90" 34.6 .080 .054 



FIGURE CAPTIONS 

F i g .  1 

F i g .  2 

F i g .  4 

F i g .  6 

F i g .  8 

F i g .  10 

Energy l e v e l s  i n  ruby;  8 = 50' 

Re laxa t ion  times and ampl i tudes  f o r  1-2 t r a n s . ;  

f = 9.3 Gc, T = 4.2 'K 

Re laxa t ion  times and ampl i tudes  f o r  2-3 ( h i g h  

f i e l d )  t r a n s i t i o n ;  f = 9.3 Gc, T = 4.2 'K 

Re laxa t ion  times and ampl i tudes  f o r  2-3 (low 

f i e l d )  t r a n s i t i o n ;  f = 9.3 Gc, T = 4.2'K 

Re laxa t ion  times and ampl i tudes  f o r  3-4 t r a n -  

s i t i o n ;  f = 9.3 G c ,  T = 4.2 'K 

Frequency dependence of r e l a x a t  ion t imes  f o r  

1-2 t r a n s i t i o n ;  8 = 60°, T = 4.2 'K 

Frequency dependence of r e l a x a t  ion times f o r  

2-3 (high f i e l d )  t r a n s i t i o n ;  8 = 20°, T = 4 . 2 ' ~  

Frequency dependence of r e l a x a t i o n  times f o r  

2-3 (low f i e l d )  t r a n s i t i o n ;  8 = 20°, T = 4 . 2 ' ~  

Frequency dependence of r e l a x a t i o n  t i m e s  f o r  

3-4 t r a n s i t i o n ;  9 = 20°, T = 4.2 'K 

Temperature dependence of r e l a x a t  ion times; 

8 = 35', B = 0.415 kG 
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